Abstract. We construct a family of n disjoint convex set in 1~ a having (n/(d -1)) a-1 geometric permutations. As well, we complete the enumeration problem for geometric permutations of families of disjoint translates of a convex set in the plane, settle the case for cubes in R d, and construct a family of d + 1 translates in R ~ admitting (d + 1)!/2 geometric permutations.
Introduction
A stabbing line, or common transversal, for a family ~¢ of sets in R d is a straight line that intersects every member of ~q¢. If d is finite and if the members of ~¢ are convex and pairwise disjoint, then a common transversal meets the members of ~¢ in a definite order. The transversal thus determines two permutations of ~q¢, one being the reverse of the other. The pair of permutations is called a geometric permutation or a G.P. of ~¢. Figure 1 gives examples of families admitting exactly one, two, three, and six different geometric permutations.
Geometric permutations were introduced in [6] and [8] where an example was given of n convex sets in the plane having 2n -2 different G.P.s, and where it was shown that for n pairwise disjoint convex sets the number of G.P.s cannot exceed / \ (~) . Wenger [10] tightened the upper bound by showing that the number of G.V.s cannot exceed 6n + 6, and Edelsbrunner and Sharir [2] have completely closed the gap by showing that the maximum number is in fact 2n -2.
The situation in higher dimensions is of some interest. In [8] we claimed that the number of G.P.s for n disjoint convex sets in •d may exceed n d-t times a 0 0 0 , , constant. As pointed out in E2] and [10] , as yet this is still just a claim, and so in this note we provide a proof.
In the plane, a family consisting of mutually disjoint translates of a compact convex set cannot have such a large number of G.P.s. In [7] we showed that, with some possible exceptions, the number of G.P.s cannot exceed three. Here, we show that the result is true without any exceptions.
We also examine families of translates in higher dimensions. We show that, in R d, a family of disjoint translates of a cube can have no more than 2 d-1 G.P.s. An example is given to show that a family of cubes can actually have this many G.P.s. For arbitrary families of translates, this number is far from an upper bound--we provide an example showing that a family of disjoint translates of a compact convex set may admit (d + 1)!/2 G.P.s.
The study of geometric permutations has been motivated by a theorem of Hadwiger [4] which states that if a disjoint family of compact convex sets in the plane can be ordered in such a way that every three members of the family admit a transversal in the specified order, then there is a transversal for the entire family.
Hadwiger's theorem relates orderings of the sets to common transversals, and it was hoped that more information on G.P.s would yield results on the existence of stabbing lines. This has proved to be the case: see the results in [5] and those of Tverberg [9] . These two papers have used geometric permutations to provide an affirmative answer to a conjecture of Griinbaum E3] that a family of disjoint translates of a convex set in the plane has a common transversal if every five members of the family have a common transversal.
Geometric Permutations in d Dimensions
In this section we show that it is possible for n pairwise disjoint compact convex sets in R d to have (n/(d -1)) a-1 geometric permutations. Since we are dealing with a finite family of sets and a finite number of common transversals, we note that there is no loss in generality if the sets are unbounded.
(If some sets are unbounded, then choose one point from the intersection of each set with each stabbing line. The collection of all of these points is bounded, and so we can create a bounded family with the same number of geometric permutations by intersecting the family with a ball of sufficiently large radius.)
We mention that there is also no real loss if some of the sets are not closed, provided each transversal intersects the relative interior of each nonclosed set. (A proof follows from the fact that if p is a relative interior point of a convex set C, then, for a n y / t with 0 < # < 1, the closure of p + p ( C -p) is a subset of C.)
The family of n sets is comprised of d -1 closed cylinders together with a collection of (m -1)(d -1) relatively open parallel plates. The plates are half-hyperplanes of the form
No two cylinders and no two plates intersect since their projections onto the xa axis do not intersect. For the same reason, when i ~ i', the cylinder Ci and the plate Pi,.j do not intersect. Finally, C~ and P~O do not intersect because xi < 
Geometric Permutations of Translates
In [7] it was shown that, in the plane, a family of pairwise disjoint translates of a compact convex set has at most three G.P.s, except possibly for families of size five or six. In this section we show that the result remains true even for families containing five or six sets.
If a line meets the sets Si,, Si 2 . . . . . S~k in that order, then the resulting geometric permutation may be denoted using either (il, i2 . . . . . ik) or (i k, ik-l ..... i~). In [7] it was shown that certain pairs of geometric permutations cannot coexist. We state these facts here as lemmas, but omit the proofs. (In all of the lemmas, by a family of translates it is understood to mean a family of pairwise disjoint translates of a given compact convex set.)
for a family of translates, then (j, i, 1, k) is not. l_emma 3.2. lf ( i, j, k, 1) is a G.P. for a family of translates, then ( i, I, k, j ) is not.
It should be mentioned that although Lemma 3.1 is stated in the context of a family of translates, it remains true for any family of pairwise disjoint compact convex sets. However, Lemma 3.2, as well as the ones below, fails for families that are not translates.
We compare different G.P.s by using their representations. We say that the representations (u 1 .... , u , ) and (vl . . . . . v,~ are K-consistent if u~ = vi except possibly for i~ {j,j + 1 ..... j + k -1} where k is some positive integer with k < n.
In other words, the two representations are k-consistent if they are identical except in at most k consecutive places.
Since each G.P. has two possible representations, it is clear that the notion of k-consistency depends upon which representatives are chosen. The following two results were also obtained in [7] : Lemma 3.3. Given any two G.P.s for a family of translates, it is possible to choose representatives that are 4-consistent. Lemma 
If all G.P.s for a family of translates can be represented by permutations that are pairwise 4-consistent, then the family has at most three G.P.s.
In order to show that a family of translates of five or six sets has at most three G.P.s, we will show that such families satisfy the hypothesis of Lemma 3.4. The proofs for the two cases are somewhat different and are presented separately. Case III: u s --v~ = 4. The a r g u m e n t for this case parallels that for Case I. [ ]
Examples for Translates in d Dimensions
One Proof. We construct the family inductively, beginning with d = 2. The family in R 2 is shown in Fig. 3(a) . In fact, we use a process similar to that in Section 2. Rather than actually fit the cubes in place, we construct a family of unbounded 
where ~ denotes either " < " or " > ." In R 2 the sets (see Fig. 3(b) ) are A1 = {(xl, x2): xl < 0, x z > 0},
If a straight line in R a intersects the d + t sets A~, it is evident that we can find a cube of a sufficiently large size, say Q = {(xl . . . . . xd): [x~t < M, 1 < j _< d}, such that the line intersects all of the sets A~ c~ Q. Now, for each set A~ n Q, there is a translate v~ + Q of Q such that
Ai c~ Q c v i + Q ~ Ai,
and this shows that there is no loss in generality in dealing with open bounded sets of the type defined by (1) . The proof that these sets admit 2 d+l geometric permutations is straightforward and is left to the reader.
[] If we do not distinguish between a permutation and its reversal, the maximum number of permutations of n objects is n!/2. Whether this can be achieved for geometric permutations of n mutually disjoint translates of a convex set depends upon the shape of the set. For example, Theorem 4.1 shows that it is not possible with cubes in •d, while Fig. 1 demonstrates that in R 2 it is possible with n = 3 circles. We will show that a similar result holds in R a, that is, there is a family of n = d + 1 translates admitting n!/2 geometric permutations. We begin with the following lemma: We also note that the convex cone, K', generated by A --v. is the same as the cone K. defined in Lemma 4.3. To verify this, note that K' is generated by Very relevant to both of the questions is a result of Wenger who showed in [10] that a family of n pairwise disjoint compact convex sets admits at most O(n2d-2) geometric permutations.
